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Abstract. We show that only finitely many links in a closed 3-manifold can have home- 
omorphic complements, up to twists along discs and annuli. Using the same techniques, 
we prove that by adding 2-handles on the same link we get only finitely many smooth 
cobordisms between two given closed 3-manifolds. 

As a consequence, there are only finitely many closed smooth 4-manifolds constructed 
from some Kirby diagram with bounded number of crossings, discs, and strands, or 
from some Turaev special shadow with bounded number of vertices. (These are the 
4-dimensional analogues of Heegaard diagrams and special spines for 3-manifolds.) We 
therefore get two filtrations on the set of all closed smooth orientable 4-manifolds with 
finite sets. The two filtrations are equivalent after linear rescalings, and their cardinality 
grows at least as n'^'". 



Introduction 

The main result of this paper can be interpreted as an extension of Thurston's Dehn fiUing 
Theorem for hyperbohc 3-manifolds to any 3-manifold bounded by tori. The statement needs 
some preliminary definitions, and is therefore deferred to Section |5| 

Two independent finiteness results are consequences of that theorem. The first one, 
Theorem 11.11 concerns the following question: how many links can have homeomorphic 
complements in a closed 3-manifold? Concerning knots, a famous result of Gordon and 
Luecke ^3] states that the answer is "one" if we restrict to knots in . Bleiler, Hodgson, 
and Weeks have found two hyperbolic knots in a lens space with homeomorphic complements 
[3| , but there are still no examples of distinct hyperbolic knots (in any 3-manifold) with the 
same oriented complements. 

Gordon then extended his result from knots to a larger class of links in by showing 
in U21 that at most A;!(38)'^^^ such links with k components can have homeomorphic com- 
plements. If one considers all links in , there arc infinitely many having homeomorphic 
complements. Theorem 11.11 below states that those links are actually only finitely many up 
to some moves. The moves consist of twisting along some discs and annuli. This holds in 
any ambient closed 3-manifold. 

The second result. Theorem 1 1.31 is about 4-manifolds obtained by adding 2-handles on a 
given link. As an application, it turns out that only finitely many smooth closed 4-manifolds 
can be described from some Kirby diagram with bounded numbers of crossings, discs, and 
strands, or from some Turaev special shadow with a bounded number of vertices. 
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Kirby diagrams are the most common objects used to encode 4-manifolds (and their 
handle decompositions), see ^1] for a detailed overview. They are particularly efficient 
when the 4-manifold decomposes without 1-handles, since they reduce to links in coloured 
with integers: in that case, the manifold must be simply connected. Turaev shadows can 
be simpler to handle for non-simply connected manifolds, or for manifolds that need many 
1-handles in general. They are 2-dimensional polyhedra with half-integers on faces. They 
have proved recently very effective in constructing 4-manifolds with prescribed boundary: 
see the work of Costantino and Thurston 0. 

Theorem 11.31 implies that, by bounding the number of crossings, discs, and strands in 
a Kirby diagram, or the number of vertices in a Turaev shadow, we get a filtration of the 
set of all smooth closed orientable 4-manifolds (seen up to diffeomorphism) into finite sets. 
Theorem II .91 shows then that the two filtrations are equivalent after linear rescalings. 

These finite filtrations allow one to study the enormous set of smooth 4-manifolds from a 
probabilistic point of view, as Dunfield and Thurston recently did with the set of 3-manifolds 
[7j. For instance, it makes sense in this context to calculate the probability for a smooth 4- 
manifold to be simply connected, complex, or symplectic (i.e. to admit one such structure). 
Theorem ll . lOl shows that the total number of manifolds in the n-th set of the filtration grows 
at least as n'^". On the other hand, an easy bound on homology together with well-known 
results of Freedman and Donaldson show that the number of simply connected manifolds 
seen up to homeomorphism grows as cn^. Many interesting questions then arise: does 
the number of smooth simply connected manifolds (up to diffeomorphism) grow more than 
quadratic? Is the probability that a 4-manifold has a definite fundamental group zero? 

Studying probabilities result in sending n to infinity. On the other hand, it would be 
interesting to list the manifolds occurring for low values of n, that is the ones lying in a first 
segment of one filtration. One should compare the results with analogous low-dimensional 
lists: in the 3-dimensional world, the most natural filtration is probably given by Matveev 
complexity, which equals (for irreducible manifolds) the minimum number of tetrahedra in 
a triangulation, see for instance 2(3,. Manifolds with complexity n ^ 10 have been listed 
at various stages by Martelli, Matveev, and Petronio, and the results are summarized in 
|17| : all ~ 700 closed manifolds with complexity ^ 8 are graph manifolds, while the first 
hyperbolic manifolds, appearing at complexity 9, are the 4 smallest ones known. The number 
of hyperbolic manifolds then rapidly increases with n, but the probability for a 3-manifold 
to be hyperbolic is still unknown. 

The first segment of one filtration introduced here has been recently studied by Costantino 
the first 4-manifolds are connected sums of simple manifolds as CP^ and x S*^, while 
more complicated manifolds seem to show up only for big values of n. As in the 3-dimensional 
case, it would be interesting to see what are the first "more complicated manifolds" in the 
list. For instance, what are the first simply connected manifolds that do not decompose into 
CP^ and 5*2 X factors? Will the K3 manifold be the first one? 

Of course, the same problems can be considered with respect to other finite filtrations, like 
the one (which is probably the most natural) given by the minimum number of 4-simplexes 
in a triangulation, and can give very different answers. For the time being, it seems that 
Turaev shadows and Kirby diagrams can be studied with less difficulties than triangulations 
(both from probabilistic and computational points of view), because of their tight relations 
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with Dehn surgeries of 3-manifolds and 2-dimensional special polyhedra: objects that have 
already been studied intensively by various authors. 

The paper is organized as follows. The results mentioned above are stated in detail in 
Section ^ except the core result of this paper, Theorem 12.51 which is stated and proved in 
Section [5] The results concerning links in 3-manifolds are then proved in Section and 
those concerning 4-manifolds in Section 0] 

Acknowledgements. The author would like to thank Frangois Costantino for many helpful 
conversations on shadows and 4-manifolds. Trying with him to extend the natural properties 
of Matveev complexity of 3-manifolds to the smooth 4-dimensional category has been the 
main motivation for this work. 



1. Two FINITENESS RESULTS 

We illustrate here the main consequences of Theorem 12. 51 

1.1. Link complements in 3-manifolds. Unlike knots in links in an arbitrary 
manifold M are not determined by their complement. In fact, some moves may transform a 
given link L into another one, while preserving the complement: suppose K is a component 
of L with regular neighborhood N{K), such that M\mt(N{K)) contains an essential disc D, 
transverse to the other components of L. Then one can make a full twist of these components 
along D. Similarly, if the complement M \ mt{N{Ki U K2)) of two components Ki and K2 
of L contains an essential annulus A connecting the two boundary tori, transverse to the 
other components of L, we can make a Dehn twist along A. 
We prove here the following result. 

Theorem 1.1. Let M be a closed S-manifold. There are only finitely many links in M 
sharing the same complement, up to homeomorphisms of M and twists along discs and 
annuli. 

The case M = has been studied by Gordon Inside , one needs only to consider 
discs that span unknotted components, as in Fig. ^-(1)7 a-nd annuli spanning two coaxial 
components. Two components Ki and K2 are coaxial when Ki is an essential curve in the 
torus dN{K2), and is not a meridian of N{K2), as in Fig. ^(2). The spanning annulus has 
one boundary component on Ki, and the other that may wind many times along K2. 

Corollary 1.2. There are only finitely many links in sharing the same complement, up 
to twists along discs and annuli spanning unknotted and coaxial components. 

This generalizes Gordon's result jl2| . saying that there are only finitely many links in 
sharing the same complement, among those not containing unknots and coaxial pairs. 
Actually, he proved that there are at most fc!(38)'^~^ such links with k components: it 
would be interesting to have an explicit bound also here. Examples of 2-component links 
with homeomorphic complements and not related by twists along discs or annuli have been 
constructed by Berge 
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Figure 1. A twist along a spanning disc (1) and two coaxial knots in 
(2): the core one is dotted. 



1.2. Handles and 4-manifolds. The set of all smooth 4-nianifolds is a very difficult set 
to study. A topological classification is impossible, essentially because every finitely pre- 
sented group is the fundamental group of some 4-manifold. Moreover, infinitely many non- 
diffeomorphic smooth manifolds can share the same topological type 

Every smooth 4-manifold decomposes into handles. It turns out that 0-, 1-, 3-, and 4- 
handles can be attached essentially in a unique way jlfij , whereas the huge variety of smooth 
4-manifolds is due to the many possibilities one has to attach 2-handles. 

Two-handles are encoded via a framed link in the boundary 3-manifold. The following 
result says roughly that the huge variety of smooth 4-manifolds with fixed boundary is due 
to the variety of links in 3-manifolds, not to their framings. 

Theorem 1.3. Let M and N be two closed 3-manifolds, and L C M be a link. There are 
only finitely many smooth cobordisms (up to diffeomorphism) between M and N obtained by 
adding 2-handles to M along L (with some framing). 

To be precise, 2-handles are attached to the manifold M x [0, 1] along its boundary 
component M x {!}, which we identify with M. All cobordisms obtained by adding 2- 
handles on _L, with varying N , are homotopically equivalent. But in the smooth category 
the 3-manifold N has to be fixed, because in general infinitely many distinct A^'s are obtained 
from a fixed L C M . The same N can nevertheless be obtained via infinitely many different 
framings on the same link, as Fig. |21 shows. 

1.3. 2-polyhedra in 4-manifolds. Theorem 11.31 can be used to derive other finiteness 
results on 4-manifolds. Let a k- skeleton C in a smooth n-manifold be a fc-dimensional 
polyhedron such that the complement of its regular neighborhood consists of handles of 
dimension higher than k. 

li k = n — 1 and has a nice local structure (i.e. it is special), the polyhedron P'^ 
determines M" jTHj. A similar result in codimension-2 seems hopeless at a first sight: 
infinitely many 3-manifolds share the same 1-skeleton, no matter how nice it is. Quite 
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Here AI — N — S'^ for all n e Z. The resulting cobordisms, 
capped with 2 balls, give S'^ x for even n, and S"^ x S"^ = 
CP^#ClF for odd n [H]. 

Figure 2. Handles on the Hopf link. Framings are described via integers, 
as usual |15[ll4j . The infinitely many cobordisms, parametrized by n G Z, 
are actually only two up to diffeomorphism, in accordance with Theo- 
rem ^3] 

surprisingly, things get better in dimension 4: the nice local structure needed here is local 
flatness. 

A 2-dimensional polyhedron P C M in a smooth 4-manifold AI is locally flat^ if it is 
locally contained in smooth 3-discs in AI. 

Theorem 1.4. A 2-dimensional compact polyhedron is the locally flat 2-skeleton of only 
finitely many closed orientable smooth A-manifolds. 

1.4. Finite filtrations on the set of smooth closed 4-manifolds. A handle decompo- 
sition of a closed orientable 4-manifold can be encoded via a planar Kirby diagram [151 114) . 
which consists of some couples of discs (respresenting 2-spheres in that encode 1-handles) 
and a link diagram (encoding 2-handles) with some strands having endpoints on the discs 
as in Fig. |21 The strands are coloured with integers, determining their framings. Higher 
handles need not to be encoded thanks to the Laudenbach-Poenaru Theorem 16 . We define 
the weight of a Kirby diagram as the sum of the numbers of crossings, discs, and strands. 
The following result is a corollary of Theorem 11.31 

Corollary 1.5. The number of closed orientable smooth A-manifolds described via a Kirby 
diagram with weight at most n is finite, for each n. 

Remark 1.6. Let Un be the set of all closed orientable smooth manifolds described via some 
Kirby diagram with weight at most n. We get a filtration J7i C . . . C C/„ C . . . on the set of 
all closed oriented smooth 4-manifolds with finite sets [/„. 

A compact 2-dimensional polyhedron P is special if every point of P has one of the regular 
neighborhoods shown in Fig. 0] and if the stratification given by the three types of points 
gives a cellularization of P (i.e. points of type (1) form discs and points of type (2) form 
segments). A vertex is a point as in Fig. ^(3). 

Inspired by Turaev's terminology |2S], we call special shadow P C AI a locally flat special 
2-skeleton in a closed orientable smooth 4-manifold AI . Since there are only finitely many 
special polyhedra with at most n vertices 20' , we deduce the following from Theorem 1 1.41 

Corollary 1.7. The number of closed orientable smooth A-manifolds having a special shadow 
with at most n vertices is finite, for each n. 

Remark 1.8. Every closed orientable smooth 4-manifold has a special shadow j2S]. Therefore, 
as in R.emark ll.6l by defining Vn as the set of manifolds having a shadow with n vertices at 
most, we get a filtration on all closed oriented smooth 4-manifolds with finite sets. 




The smooth and PL notions of local flatness coincide for surfaces but differ heavily for polyhedra: see 
Subsection 14. 41 for a discussion on this point. We use here the stronger smooth notion. 
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Figure 3. A Kirby diagram. It consists of some couples of discs and some 
strands, coloured with integers (determining the framing). The strands are 
attached to each couple of discs symmetrically as shown here. 




(1) (2) (3) 

Figure 4. Neighborhoods of points in a special polyhedron. 

We make some comments on the two filtrations introduced above in Remarks 11.61 and 11.81 
The filtrations are equivalent after linear rescalings, as the following result shows. 

Theorem 1.9. We have Un C V^n and Vn C C/gn+s for all n > 0. 

We now give some information on the cardinality of C/„ and Vn- We say that a sequence 
a„ of integers grows as if there are constants < c < C such that n"^ " < a„ < ti*^ " for 
all n > 0. 

Theorem 1.10. The number of distinct groups that are fundamental groups of manifolds 
in Un grows as n" . The same result holds for Vn ■ 

Corollary 1.11. Each set Un or Vn contains at least n'^ " distinct manifolds, for some c > 
and for all Q. 
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The proof of Theorem 11.101 makes use of the techniques of ^Hl, that is of Mostow rigidity 
for hyperbohc 3-manifolds with geodesic boundary. Concerning simply connected manifolds, 
by constructing connected sums of CP^ one immediately gets: 

Proposition 1.12. There are at least jn^ distinct simply connected manifolds in Un, for 
all n. 

On the other hand, using the celebrated theorems of Freedman |S] and Donaldson |S] we 
easily show: 

Proposition 1.13. There are at most j^n"^ simply connected manifolds in Un up to home- 
omorphism, for n 3> 0. 

Question 1.14. What is the growth type of the number of simply connected smooth man- 
ifolds in Un (or Vn)^ Is it bigger than quadratic? 

2. DEHN FILLING 

In this Section, all 3-manifolds will be compact and orientable, and possibly with bound- 
ary consisting of tori. We define here a volume and a Euler number for any geometrizable 
3-manifold, which extend both the volume of a hyperbolic manifold and the Euler number 
of a Seifert manifold. We then use these definitions to state and prove Theorem 12. 51 

2.1. Slopes. Let T be the torus. After fixing a homology basis {m,l) for Hi{T;li), every 
slope on T {i.e. isotopy class of simple closed essential curves) is determined by its unsigned 
homology class ±{pm + ql), thus by the number q/p € Q U {oo} The distance A{q/p, s/r) 
of two slopes is their minimal geometric intersection, equal to \ps — qr\. (This is not really 
a distance, since the triangle inequality does not hold.) The set of all slopes in T inherits 
the topology of Q U {oo}, which does not depend on the chosen basis (m, I). Its completion 
RU {oo} = can be seen as the space of all geodesic foliations of T (with some flat metric), 
up to isotopy. We will often use below the following fact. 

Proposition 2.1. Suppose {si}ieN o,nd {s^},;gN «re sequences of slopes such that 

• Si ^ X for some foliation A with Si ^ X for all i; 

• the sequence {sj} is contained in some closed set not containing X. 

In this case we have A(s,;,s^) — > oo. 

Proof. We can suppose no slope or foliation involved is oo. Therefore Si = qi/pi with 
\pi\ oo and \si ~ s[\ > k for all i. We get: 

A(sj,s-) /\{q,/p,,q'Jp'^) = \q^p'^ - Ptq[\ = \{s^ - s[)p^p'^\ -> oo. 

□ 

2.2. Dehn filling. Let M be a manifold with 9M containing some tori Ti, . . . ,Tk. We 
denote by M{s) the Dehn filling of M along the vector of slopes s — (si, . . . , s^), obtained 
from M by attaching to Ti a solid torus with a map sending the meridian to s^, for all i. 
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2.3. Seifert manifolds. We recall the definition and some properties of Seifert manifolds. 
Let AI be an oriented S'^-fibering over some compact surface F with boundary. A homology 
basis (m, I) is defined for each boundary torus T C dM by taking m as the boundary of a 
fixed section and I as the fiber. If F is orientable we orient it and orient coherently m and 
I, otherwise we choose any orientation. The Dehn filling N = M{qi/pi, . . . ,qk/Pk) fibers 
over the orbifold S obtained by capping k boundary components of F with discs having 
points of cone angle 27r/pi, . . . , 27: /pk (we assume wlog that > for all i). Two important 
invariants of that fibration are the Euler characteristic x(S) of S and the Euler number e, 
given by 

x(S) = x(i^)+E- and e = j2-- 

When M has boundary, e is only defined up to additive integers, and we require that 
^ e < 1. By substituting a pair {qi/pi, qj/pj) with {qi/pi + 1, qj/pj — 1) we get the same 
fibration. The manifold N is called Seifert. The following result will be needed below. 

Proposition 2.2. Let a closed N fiber over E with Euler number e: 

• ^ 0, the non-negative number \e\ depends only on N; 

• ifxl^) > 0, we have |7ri(7V)| ^ |e|. 

Proof. If x(S) ^ 0, then N has a unique fibration, except some flat cases [52] where x = 
e = 0, and we are done. Suppose x > and |7ri(A^)| < oo. Then the fibration of N lifts to a 
fibration of with Euler number e. A fibration of has base space 5^ and at most two 
cone points. Then it is constructed by filling Ax with some {qi/pi, (72/^2), where A is the 
annulus. Since the total space is S^, we have \piq2+P2qi\ = 1- Therefore |e| = l/|pip2| ^ 1- 
By (221 Theorem 3.6] we have |e| ^ |7ri(7V)| • |g| < |7ri(iV)|. □ 

2.4. Sol-manifolds. A 3-manifold fibering over a 1-orbifold with fibers consisting of tori 
and Klein bottles, which does not admit a Seifert fibration, has a Sol-geometry |22j- It 
consists of a torus fibering over or of two twisted interval bundles over a Klein bottle 
glued along their boundaries. 

2.5. Geometric decomposition of a 3-manifold. An irreducible orientable compact 3- 
manifold, possibly with boundary consisting of tori, is geometrizable if it satisfies Thurston's 
Geometrization Conjecture. A geometrizable 3-manifold has a unique geometric decomposi- 
tion along embedded tori and Klein bottles into blocks having one of the 8 three-dimensional 
geometries, constructed from the set of tori of the JSJ decomposition^, by substituting each 
torus bounding a twisted interval bundle over a Klein bottle K with the core K . A non- 
empty decomposition can be easily checked to be geometric, as the following shows. 

Proposition 2.3. Let an orientable M be decomposed along a non-empty set of tori and 
Klein bottles into some Seifert or hyperbolic blocks. Such a decomposition is the geometric 
one if and only if the following holds: 

(1) every Seifert block fibers over an orbifold S with x(S) < 0; 

(2) the fibrations of the blocks adjacent to a torus or a Klein bottle S do not induce the 
same fibration on S. 



'Here, the JSJ decomposition of a manifold of type Sol is trivial. 
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When S* is a Klein bottle, we mean that the fibration of the single block adjacent to S 
should not induce a fibration on S (a Klein bottle admits only two non-isotopic fibrations). 
A Seifert manifold with x < has a unique fibration \22\. 

2.6. Generalized volume. Let AI be a geometrizable manifold. We now define a non- 
negative quantity Vol(i\/) which generalizes the volume of a hyperbolic manifold. If M is 
of type Sol or Seifert with x ^ 0, we set Vol(A/) = 0. Otherwise, we define Vol(M) as the 
sum of the volumes of the hyperbolic blocks, minus the sum of the x's of the Seifert blocks 
in its geometric decomposition. 

2.7. Generalized Euler number. Let M be a geometrizable manifold. We now define a 
non-negative quantity e(Af ) which generalizes the Euler number of a fibration, as follows: 

• if M admits a Seifert fibration with x ^ ^J^d some Euler number e, then e{M) ~ \e\ 
is well-defined by Proposition 12. 21 

• if M admits a Seifert fibration with x > we set e(M) = [tti (Af )| when |7ri(M)| < oo 
and e(M) — otherwise; 

• if M is hyperbolic we set e{M) — 0; 

• if AI is a torus fibering over with monodromy t/;, we set 

e{M) = min{A(m, -|- A(Z, ip{l))} 

among all pairs of slopes (to, I) in the fiber with A(to, I) — 1; 

• if M is the union of two twisted interval bundles N and N' over the Klein bottle, 
take e{M) = max{A(Z,Z')} among all fibrations of N and N' with fibers I C ON 
and /' C dN'. 

Otherwise, AI has a non-trivial geometric decomposition into blocks, and we want e{AI) 
to measure how complicated the gluing maps between them are. To do this, we start by 
defining for each block N and each abstract boundary torus T C dN a finite set of preferred 
slopes, which contains at least two elements and depends only on N and T. 

If N is hyperbolic, we define a preferred slope to be any slope having the shortest or 
second shortest length in one cusp section. If is Seifert, the situation is more complicated 
because the fiber is the only slope which is intrinsically defined. We see N as the filling of 
some S'^-bundle over a surface F along some slopes (gi/pi, . . . ,qk/Pk) with < qi/pi < 1. 
We define two preferred slopes on T: the fiber of N and dF n T. Although the first one is 
intrinsic, the second one depends on the section F. 

Let iS* be a surface of the geometric decomposition. If is a torus, we define A5 as 
the maximum of A(si,S2), where si and S2 are some preferred slopes on the two adjacent 
blocks. If 5 is a Klein bottle, a small neighborhood W admits two fibrations, and we define 
A5 as the maximum of A(si, S2) on the torus dW , where si is some preferred slope of the 
adjacent block, and S2 is one of the two fibers of W. 

We now define A as the maximum of A5 as S varies. This quantity depends on the 
sections F chosen. Finally, we define e(Af ) as the minimum of A as the sections vary. 

2.8. Properties of the invariants. The following result is not used elsewhere in this 
paper. 

Theorem 2.4. Let Ai be the set of all geometrizable Z -manifolds: 
(1) the set Vo\{M.) C M zs well-ordered: 
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(2) there are only finitely many manifolds M with Vol(Af) — vo and e{M) ^ eo, for all 
vq and eo- 

Proof. The set Vo\h of volumes of hyperbolic manifolds is well-ordered [21] • The set V0I5 
of volumes of Seifert manifolds is 

Vols ^ {n- (l/pi + ■■■ + l/pk) I n > 0, fc n + 2} nM+, 

which is well-ordered. Therefore 

Yo\{M) = {xl + ■■■ + Xk\x^& Yo\h U Vols} 

is also well-ordered. 

We now prove point (2). There are only finitely many hyperbolic manifolds with volume 
vq Pj. There are also only finitely many 2-orbifolds with given x- On each orbifold S, there 
are only finitely many Seifert fibrations with Euler number smaller than ep. Therefore point 
(2) holds for hyperbolic and Seifert manifolds. 

We note the following: let Ti and T2 be two tori, each Ti equipped with a homology 
basis (niijli). For each > there are only finitely many homeomorphisms : Ti ^ T2 
(up to isotopy) with A{^p{mi),m2) ^ K and A('0(?i),/2) ^ K. Therefore there are only 
finitely many Sol-manifolds with e = cq, and the case = is done, since there are also 
only finitely many elliptic manifolds with bounded |7ri|. 

We are therefore left with the case where M is not geometric. The manifold M decomposes 
into some geometric pieces of volumes vi,. .. ,Vk. Since Vol(A^) is well-ordered, there are 
only finitely many possible sequences vi, . . . ,Vk with vi + ■ ■ ■ + Vk = Vol(M). We have just 
proved that there are only finitely many geometric manifolds with volume Vi. Therefore 
there are only finitely many possible pieces in the decomposition. Finally, the condition 
e{M) = eo ensures that only finitely many gluings are admitted on every torus, and we are 
done. □ 

2.9. Sequences of slopes. Let TV be a 3-manifold bounded by k tori. The vectors of slopes 
on dN form a set (Q U {00})'^, whose completion is a fc-torus T*^, which has a geometric 
interpretation as the set of geodesic foliations on ON. 

A filled closed manifold N{s) is associated to every rational point s = (si, . . . , Sk) of T'^. 
Theorem 12.51 below gives an answer to the following question: if {s*}igN is a sequence of 
rational points on T*"', what can we say about the sequence of manifolds {A^(s*)}? 

Since T'^ is compact, a subsequence of js'} converges to a foliation A. Set = {s\, . . . , s]^) 
and A = (Ai, . . . , A^). We call a sequence essential if 7^ Xj for all i. If {s'} contains no 
essential subsequence, it contains one having s* — Xj constantly for all i, which can be 
studied on the manifold N(Xj) having one boundary component less. For this reason we 
restrict our attention to essential sequences. 

This discussion motivates the following result. For a sequence {oijieN of real numbers, 
we write ai y a when ai < a for all i and Oi ^ a. 

Theorem 2.5. Let N he an irreducible compact 3-manifold bounded by k tori. Let {s*}igN 
be an essential sequence of (vectors of) slopes, converging to some foliation X ~ (Ai, . . . , A^). 

Suppose no Xj is a slope that bounds a disc, and no distinct Xj and Xj' are slopes that 
cobound an annulus in N. After passing to a subsequence, every N{s'') is geometrizahle and 
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one of the following holds: 

Yq\{N{s')) / Vol(iV) or e(7V(s*)) / oo. 

Remark 2.6. Theorein l2.5l is false without the hypothesis on discs and annuh. For instance, 
if is a sohd torus and s* is a slope intersecting the meridian A once and winding i times 
along it, we get s* ^ A and A^(s') = not depending on i. Analogously, if is a Seifert 
manifold with two boundary components and = {q/p + i, q' /p' — i), then the limit slopes 
{oo, oo) bound a fibred annulus and N{s^) does not depend on i. 

2.10. Examples. We show some of the phenomena that can occur. Recall that, with our 
choices of homology bases in the boundary of a Seifert manifold, the coordinate of the fiber 
is oo, and a {q/p)-Dehn filling produces a new singular fiber if and only if it is not an integer. 

• Let N be the solid torus and the limit A be any foliation distinct from the meridian: 
we get e{N{s')) = |7ri(iV(s*))| / oo; 

• suppose N is not a solid torus or an interval bundle, and Xj ^ oo on every Seifert 
block of N: then (for big z G N) the geometric decomposition of iV(s*) is induced 
by the one of N and Vol(7V(s^)) / Vol(iV); 

• let A'^ be a Seifert manifold with x < and one boundary component, filled with an 
integer = i oo: we get Vol(Af(s')) = Vol(M) and e(M(s^)) / oo; 

• let P be the pair-of-pants, and let N decompose into P x and two hyperbolic 
blocks H and H' with one cusp; then dN is one torus, and: 

— if = i, each iV(s*) decomposes into H and H' , and e{N{s^)) / oo; 

— \i — i/2, each N{s'^) decomposes into H,H', and a fixed Seifert block, and 
e(iV(sO) / oo; 

• let N decompose into k blocks, each homeomorphic to P x S"^, with one boundary 
component on ON, and the others glued cyclically (with some maps that do not 
match fibers). Take s] = i for all Then (for big i € N) N{s'^) is a Sol torus 
fibering with e(iV(s*)) y oo. 

2.11. Beginning of the proof of Theorem 12. 5L The rest of this Section is devoted to 
the proof of Theorem 12.51 We set = {s\, . . . , s^), and we can suppose after passing to a 
subsequence that for each fixed j the slopes are all distinct. 

The following fact will be used below: if 7V(s*) has a Seifert fibration with Euler number 
Bi y oo, we have e(7V(s*)) y oo, thanks to Proposition l2.2l 

2.11.1. If N is a solid torus. The foliation A is not the meridian m by assumption. Propo- 
sition implies that A(s%to) y oo. Therefore N{s^) is a lens space with e — |7ri| — 
A{s\m) / oo. 

2.11.2. If N is a product T x [0, 1]. Both slopes s\ and s\ can be seen inside T. Their limits 
Ai and A2 are distinct, otherwise they would bound an annulus. Proposition 12.11 implies 
that A(s5^, s\) y 00, hence N{s^) is again a lens space with |7ri| /* 00. 

2.11.3. If N is a twisted bundle over the Klein bottle. It fibers over the Mobius strip. Its 
double cover is ^ x 5^, where A is the annulus. The filled A^(s') is double covered by 
A X S^{s'^,—s'^), which is a lens space with |7ri| — 2\p''q'^\, where s' — q'^/p'^. Therefore 
|7ri(iV((7VpO)l = b'9i / oo- 
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2.11.4. If N is another Seifert manifold. It fibers over an orbifold S with x(^) < 0. Also 
N(s^) fibers over an orbifold Ei, provided Sj =/= oo for all j, which is certainly true on a 
subsequence. We have two cases: 

• if Xj 7^ oo for all j, we have = Qj/Pj with y oo for all j. Therefore 

\ and hence Vol(iV(s*)) / Vol(iV); 

• if Xj — oo for some j, we have Xj' ^ oo for all j' ^ j, otherwise two foliations would 
coincide with the fiber of N, and bound an annulus, contradicting the hypothesis. 
Therefore we get |e(7V(s*))| = \e{N) + s*| / oo. 

2.11.5. If N is hyperbolic. Thurston's Dehn filling Theorem guarantees that N{s'^) is 
hyperbolic except for finitely many i's, and that Vol(iV(s*)) y Vol(iV). 

2.12. Induction on the number of geometric blocks. We are left with the case where N 
has a non-trivial geometric decomposition into blocks iVi, . . . , Nt. We proceed by induction 
on t, having already considered the case t — 1. Each Ni is Seifert with x < or hyperbolic, 
by Proposition 

There is no compressing disc in N, and an incompressible annulus is fibred in a single 
Seifert Ni. Therefore our assumption on s may be replaced by the following: 

(1) on each Seifert Ni, at most one adjacent foliation Xj is the fiber oo. 

2.12.1. Persisting geometries. Let Ni{i) C N{s^) be the connected submanifold consisting 
of Ni and all the filhng sohd tori adjacent to Ni. Therefore iV(s') — Ul^iNi{i). Using (QJ 
and Thurston's Dehn filling Theorem, we can assume (after passing to a subsequence) that 
for each fixed I one of the following holds: 

• Ni is Seifert. No adjacent slope is the fiber oo, and at most one is an integer, for 
each i. Moreover, one of the following holds: 

— Ni{i) is Seifert with x > 0, i.e. a solid torus, for all i; 

— Ni{i) is Seifert with x = 0, i.e. an interval bundle, for all i; 

— Ni(i) is Seifert with x < Oj with the same fiber, for all i; 

• Ni and Ni{i) are hyperbolic for all i, and dNi{i) has the same preferred slopes for 
all i. 

2.12.2. Solid tori. We first consider the case Ni{i) is a solid torus for some I. Therefore Ni 
fibers over an orbifold E with xi^) < Oj ^md Ni{i) fibers over an orbifold E^ with xi^i) > 0, 
obtained by capping S. Since Ni has at most one integer filling, it is easy to see that E must 
be a pair-of-pants P or an annulus with one cone point. In both cases, Ni{i) is obtained 
by filling P x with two slopes q\ G Z and ^2/^2 G Q (where 92/^2 = q/p fixed if E 
is an annulus with cone point 2it/p). The meridian of Ni{i), read in the third boundary 
component of P x S*^, is easily seen to be —{ql + qI/pD- 

We have \q\ \ y 00 and 92/^2 ~^ Q2/P2 7^ 00, hence \q2/P2\ < K. Therefore the meridian 
~iQi + Q2/P2) converges to the fiber 00 of A^;. 

Set N^, = N \ Ni. We modify s* to a set of slopes s* for dN^,, by removing the two 
slopes q\ and q\/p\, previously adjacent to Ni^ and by adding the meridian of Ni{i). We get 
N,{sl) = N{s'). 

By what is said above, the new meridian converges to a slope A*, which is the fiber of the 
removed Ni. If the block Nii adjacent to Ni is Seifert, A, is not the fiber of Nii (because the 
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fibers of Ni and Nf do not match!). Therefore assumptfon |^ certainly holds also for iV, . 
Since iV* has t — 1 blocks, our main assertion holds for A^*(s* ) by the induction hypothesis, 
and we are done. 

2.12.3. Products. We are left with the case where no Ni{i) is a solid torus. It follows in 
particular that iV(s*) is irreducible for all i (because every Ni{i) is 9- irreducible). 

Some Ni{i) are interval bundles. We now prove that (for big i £ N) the blocks of the 
geometric decomposition of iV(s*) are the complements of these bundles. By ProDOsition l2.3l 
it suffices to show that if a sequence of product bundles connects a Seifert block B with 
another Seifert block B' (or a Klein bottle K) of the decomposition, the fiber of B is not 
isotopic through the products to a fiber of B' (or K). 

By assumptions (1) and (2), one product Ni{i) arise only when Ni = P x {P is the 
pair-of-pants), and Ni{i) is the filling of Ni with some slope G Z. The same iV(s*) is 
realized by removing the product Ni{i) and gluing the adjacent blocks directly via a map 
Fi that twists times along the fiber of N. Since \q'^\ oo, we have A{Fi{i]), tj') y oo for 
any slopes 77,77' on the adjacent blocks distinct from the fiber of Ni. 

Twisted bundles have a similar behaviour. If Ni(i) is a twisted bundle, Ni is either an 
annulus with one point of cone angle tt, filled with a half-integer q'' /2, or a Mobius strip 
with a hole filled with an integer g\ In both cases we have jg'l y 00, whose effect is to twist 
the gluing map with the adjacent block along the fiber 7. 

It follows that the distance between the fibers of B and B' (or K) goes to cxo. Hence the 
blocks of the geometric decomposition of A^(s') consist of the complements of the interval 
bundles, and the distance between some of their preferred slopes goes to 00. Therefore, if 
there is at least one interval bundle we get e(7V(s*)) y 00 and we are done. 

Actually, if all the Ni{i)'s are interval bundles, then each iV(s*) is a Sol-manifold, and 
the discussion above easily shows that e{N{s^)) / 00, as required. 

2.12.4. Geometric blocks. We are now left with the case that there is no interval bundle. 
Each Ni{i) is then a geometric block of N{s^) by Proposition |^J 

Suppose first some foliation Xj is the fiber 00 of some Seifert block Ni. We have = 
q^/p^ — * 00, and |s*, | < K for every other slope adjacent to Ni, by assumption (0). Therefore 
the sum 5* of the s* adjacent to Ni goes to 00. Let Fi be a section of Ni{i) (minus its singular 
fibers) for each i. Since S** — > 00, on a subsequence the component of dFi in a fixed boundary 
torus T tends to the fiber 7 of Ni{i). The other block adjacent to T has a preferred slope 
7' distinct from 7 and not depending on i: then A(7', dFi) y 00 implies e(iV(s*)) y 00. 

Finally, it remains to consider the case no foliation is a fiber of a Seifert block. Let 
Ni{i) be one block. If it is hyperbohc we have Vol(iV;(z)) y Vol(iV;). If it is Seifert, 
every slope = q''/p^ converges to a limit Xj ^ 00, hence — > 00 and we also have 
Vo\{Ni{i)) y Vol{Ni). Therefore we have Vo\{N{s')) / Vo\{N) and we are done. The proof 
of Theorem 12. 51 is now complete. □ 

3. Links 

We prove here Theorem 11.11 and Corollarv ll.2l We start by showing the following result. 
A twist along an essential disc or annulus 5 in a 3-manifold M is a self-homeomorphism of 
M constructed by cutting M along S and gluing it back after a full twist. 
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The pairs of slopes yielding are (oo,l/n) and (1/n, oo), 
for n e Z 18' . An oo-filling on one component gives a solid 
torus, and twisting along its meridian we transform every 
such pair into (oo, oo). 



Figure 5. The infinitely many fillings of the Whitehead link complement 
yielding the 3-sphere are all related by twists along discs in partial fill- 
ings. The partial fillings here are solid tori. We use the standard meridian- 
longitude basis for link complements. 

Theorem 3.1. Let M be a S-manifold with boundary consisting of k tori, and N be a closed 
Z-maniJold. There are only finitely many vectors of slopes s — (si, . . . , s^) with M{s) — N , 
that are not related by combinations of self-homeomorphisms of partial fillings of M . The 
self-homeomorphisms consist of twists along essential discs or annuli. 

Note that the discs and annuli are contained in the partial fillings of M , and not necessarily 
in M, see Fig. [Sjas an example. 

3.0.5. Proof of Theorem \8.1\ It suffices to prove the theorem when M is irreducible, because 
M and N split into summands in finitely many ways. Suppose by contradiction we have 
infinitely many s' — {s\,...,s\) with Af(s*) = N, that are not related via combinations 
of twists along discs and annuli in partial fillings. After passing to a subsequence, we can 
suppose either does not depend on i, or Xj with s* ^ Xj for all i. If does not 

depend on i we can permanently fill M with s*, and get a new M' with less boundary 
components. Therefore we are left with the case that s* A = (Ai, . . . , A^) with A^ 7^ 



Since — M{s'^), Theorem 12.51 implies that some limits bound a disc or an annulus. If 
the first case holds, M is a solid torus, and our assertion is easily proved. Now suppose Ai 
and A2 bound an annulus. Set Ai = A2 = 00. By twisting along the annulus we transform 
{s\,sl) into {s\ ± 1,S2 T !)• We can therefore suppose \s\\ ^ 1 for all i. If we get only 
finitely many slopes in {s^jieN we proceed by induction on k as above. Otherwise, on a 
subsequence we have s\ X'l G [—1, 1] distinct from the original hmit Ai = 00. 

We therefore get a new sequence of slopes, converging on one boundary torus to a different 
limit. Theorem 12 . 51 applies again, and we find another annulus. By iterating this argument, 
we find at least two annuli incident to distinct slopes on the same boundary component. 
Then M is the product T x [0, 1]. 

Finally, the theorem for M — T x [0, 1] is easily proved: by twisting along annuli we 
recover any self-homeomorphism of M that fixes the boundary. Via such homeomorphisms 
we transform each s\ to a fixed slope s, and we fill permanently M along s, getting a solid 
torus, as above. □ 

3.0.6. Proof of Theorem \l.l\ It follows from Thcorcm l3.II thanks to the following 1-1 bijec- 
tive correspondence: 

{links in M sharing the same complement A^}/^ ^^^^^ < — * {s \ N{s) — A^}/Aut(N) 
which translates a twist modifying a link into a twist modifying some slopes. □ 



for all i. 
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3.0. 7. Proof of Corollarv M.'A If M = S^, homcomorphisms of M need not to be considered 
because there are only two up to isotopy. If there is an essential disc in \ mt{N{K)) for 
some component K, then K is the unknot and the disc is spanned by K. 

Suppose now there is an essential annulus A in the complement of mt{N{Ki U ^^2))- If 
one component of dA is the meridian of Ki or K2, then A extends to a disc in as above. 
Otherwise, we can see A spanning Ki and K2 inside {i.e. with dA = Ki U K2)), and we 
must prove that A winds only once along either Ki or K2. If not, its regular neighborhood 
N{A) in S'^ fibers over a disc with two cone points, hence it is not a solid torus. 

Every torus in bounds a solid torus on one side. Hence \ mt{N{A)) is a solid torus, 
which extends the fibration of N{A) to a fibration of onto S'^. Since does not fiber 
over S*^ with 3 singular fibers, the new fiber is non-singular, hence \ mt{N{Ki U K2)) 
is homeomorphic to T x [0, 1]. Therefore Ki U K2 is the Hopf link, and a twist along A is 
generated by a composition of twists along the two discs spanned by Ki and K2 . □ 

4. TWO-HANDLES AND FOUR-MANIFOLDS 

We prove here Theorem II . 31 and all the results about 4-manifolds stated in the Introduc- 
tion. 

4.1. Dehn surgery. We recall some well-known facts. Let L C M be a link in some 
closed oriented 3-manifold M. A Dehn surgery on L is a Dehn filling on the complement 
Ml — M\ mt{N{L)). For each component K oi L, a longitude is an essential closed curve I 
in dN{K) which forms, together with the meridian m, a basis (m, I) for Hi{dN{K),Z). The 
choice of a longitude on each component if of L is a framing, and it allows us to describe 
a slope ±(pm -I- ql) on some K via the number p/q. When L is framed, we can denote by 
Ml{s) the manifold obtained by surgering L according to some vector s = (si, . . . , Sk) G Q*^- 

Theorem 4.1. Let L C M be a framed link in some closed 3-manifold M , with the following 
property: there is no 2-sphere S C Af intersecting only one or two components of L, and 
each component in a single point. 

For every closed 3-manifold N there is a constant K > (depending on L d M, its 
framing, and N) such that if N — Ml{si, . . . , Sk) then \sj\ < K for some j. 

Proof. If Ml is reducible, then L and M split into summands, and we are left to prove the 
same theorem for each summand (because N can split into two summands in finitely many 
ways: as usual, if Ml contains a non-separating sphere we get a x S^-summand). We 
can then restrict to the case Ml is irreducible. We suppose by contradiction that there are 
infinitely many vectors = {s\, . . . , s].) G Q'', i e N, with Ml{s'^) = N for all i and s* 00 
for each j. Therefore converges to the meridians s — {00, . . . , 00) of L. 

Since there are no spheres intersecting L in one or two points in distinct components, 
there is no disc or annulus in Ml bounded by the meridians. Therefore Theorem 12.51 applies . 
and a subsequence of Ml{s^) consists of distinct manifolds, distinguished by their volume 
or Euler number: a contradiction. □ 

Note that a 2-sphere E intersecting L as stated must be non-separating. Hence this 
condition is only needed when M has some S'^ x summand. 
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a +2 





Figure 6. A handle slide, visualized as a Kirby move ^1 over a 0- 
framed unknot. We use the blackboard framing. 



Remark 4.2. Theorem 14.11 is false without the hypothesis on 2-spheres. For instance, if 
M = S^ X S-i and L = {pt} x we get AfL(s) = for every s e Z. 

4.2. Handle slides. We refer to for the definition of handles and their main properties 
in the 4-manifolds setting. In the statement of Theorem II. 31 let L C M have k components. 
After fixing an arbitrary framing on L, every other framing is encoded by a vector of integers 
s = (si, . . . , Sfc) colouring the components of L. The result of attaching 2-handles along that 
framing is a cobordism between M and N — Ml{s). 

We can think about the 2-handles as being attached to M simultaneously, or one at each 
time, following some ordering of the components of L. In the latter case, the z-th handle is 
attached along a knot Ki contained in some manifold AP , giving rise to a cobordism between 
and M'+\ with = M and M'^+i = N. By isotoping the last knot Kk inside M'' we 
get the same cobordisms, but wc may change the initial framed link L. Such a modification 
of L is called a handle slide^ . 

We now use Theorem 14. II to prove the following stronger version of Theorem 1 1.31 

Theorem 4.3. Let M and N be two closed 3-manifolds, and L <Z M he a link. Among 
cobordisms between M and N obtained by adding 2-handles along L, only finitely many are 
pairwise not related by combinations of handle slides. 

Proof. We do an induction on the number k of components of L. We fix a framing on L. 
Suppose by contradiction we have infinitely many cobordisms that are pairwise not related 
by handle slides. Each cobordism is determined by a vector of integers s"^ — (s\, . . . , s^) € 'E'' , 
I e N. We have N = Ml{s') for aU i. 

If L is a knot, Theorem 14. II implies that L intersects a 2-sphere E in a point. We can 
visualize a neighborhood of S in M via a trivial 0-framed unknot encircling a portion of L 
as in Fig. El-left. The handle slide shown in Fig. transforms L into itself and changes the 
colour a into a + 2. A combination of slides (or of their inverses) transforms the colour on 
L into or 1. Therefore there are at most two cobordisms that are not related via handle 
slides. 



'This definition is slightly more general than the usual one, where one handle slides over another one. 
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Figure 7. A combination of handle slides. 



Let now L have some fc ^ 2 components, and let Sj = {s^ jjgpj be the set of integers 
colouring the j-th component of L. We first consider the case Sj contains infinitely many 
numbers for all j. Therefore we have supjgpj |s*| — oo for all j. Theorem 14 . II then implies 
that there is a 2-sphere E intersecting L in one or two components, and in a single point 
on each component. As above, we visualize E via a 0-framed unknot encircling a portion 
of L as in Fig.Oleft or Fig. [Tj-top-left. Let the j-th component of L be one intersecting E. 
Performing sufhciently many times the handle slides shown in Figg.|nior[7|(or their inverses) 
we can transform into or 1 for each i G N. Therefore Sj becomes finite. 

We are left to consider the case Sj is finite for some j. We restrict ourselves to a subse- 
quence of « e N so that is the same integer for all i. We can sort the handles so that the 
j-th becomes the first one. This handle gives a cobordism between M = and a fixed 
M^, not depending on i. The other fc — 1 handles are attached to some fixed link LF' C 
and give cobordisms between and A'^ that depend on i. By our induction hypothesis 
some of these cobordisms are related by a combination of handle slides. The handle slides 
on C Af^ translate to handle slides on L C A/, and we are done. □ 

4.3. Kirby diagrams. We now prove all the assertions stated in Subsection ll.4l Combining 
Theorem II .31 with Laudenbach-Poenaru Theorem ^H]? we get the following. 
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Theorem 4.4. The set of closed orientahle A-maniJolds constructed with one zero-handle, 
h one-handles, some 2-handles attached along a fixed link L C ifhS'^ x , and some 3- and 
4:-handles, is finite. 

Proof. The 2-handles form a cobordism between M — #hS^ x and some N = #h'S^ x , 
with h' — j:k{Hi{N)) ^ rk(_ffi(il/ \ L)) bounded above. By Theorem 11.31 we have a finite 
number of such cobordisms for each h' . By Laudenbach-Poenaru Theorem each such 
cobordism can be filled with 0-, 1-handles and 3-, 4- handles in a unique way. □ 

4.3.1. Proof of Corollary \1.5[ Only finitely many link diagrams have weight at most n. A 
diagram with h couples of 2-spheres describes a fixed link in fj^hS'^ x 5^, and yields only 
finitely many manifolds by Theorem 14.41 □ 

4.4. Locally fiat 2-skeleta. We prove here Theorem 11.41 Let P C M be a locally flat 

2- skeleton. We first show that local flatness can be extended to the 1-skeleton P^ . That is, 
a regular neighborhood N{P-^) is contained in a smooth 3-submanifold of AI. 

Take a small 3-ball containing each vertex of P^. A neighborhood of each edge e is 
covered by a finite number of open smooth 3-balls (see Fig. |Hl-left for a smaller-dimensional 
picture) and we want to patch them together. Take a sufficiently thin tubular neighborhood 
of e, which we identify with x [0, 1], where e becomes {0} x [0, 1]. We can suppose every 

3- ball is the zero-set of a smooth function fi : x li ^ R, where {li} are open intervals 
covering [0, 1]. We have Vfi ^ everywhere on B^ x li, and P n {B^ x J^) is contained in 
the zero-set of fi. 

We now patch the functions fi and fi+i on a thinner tubular neighborhood of {0} x (li U 
li+i). Fix a point yo G li D li+i. Take a smooth function g : B^ x [0,1] [0,1] with 
g{x,y) = for 2/ < j/o — e and g{x,y) = 1 for y > yo + e, where e is a sufficiently small 
number. We patch fi and /i+i to the function: 

h= {I - g)ft+ g.fi+1, 
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defined over x {li U li+i). The polyhedron P n [B^ x {li U li+i)) is contained in the 
zero-set of h. 

It remains to prove that Wh 7^ on {0} x (li U li+i)- this implies that Wh 7^ on a thin 
tubular neighborhood, and we are done. On {0} x {li U li+i) we have: 

V;i = (l-.g)V/,+gV/,+i 

because fi and /i+i are always zero. Then V/i equals V/i or V/,;+i, which arc non-zero, 
everywhere except on {0} x [yo — e,yo + e]. 

Up to changing sign to fi, we can suppose V/i and V/i+i are not opposite on yo, and 
thus on the whole {0} x [yo — e,yo + e] by taking e small. This implies that V/i 7^ also 
there. 

We have proved that a regular neighborhood N{P^) of the 1-skeleton of P C is 
contained in a 3-dimensional smooth manifold. Therefore there is a (possibly non-orientable) 

3- dimensional handlebody C M'' intersecting P in N{P-^), which thickens in M** to a 

4- dimensional handlebody H^, uniquely determined as the orientable line bundle over H^. 
Let L C dH^ C dH'^ be the hnk given by L = PndH^. The iJ" is made of 0- and 1-handles. 
The faces P \ N^{P) of P thicken in M to 2-handles, attached along L. The complement is 
made of 3- and 4-handles. 

We now prove that only finitely many pairs {H^,L), and thus {H^,L), can be ob- 
tained from a fixed P (and varying M). Together with Theorem 14.41 this implies that 
only finitely many M's can be obtained from a fixed P. Actually, there are only finitely 
many pairs {H^ , N^{P)), since in general a 2-dimensional polyhedron has only finitely many 
3-dimensional thickenings. Each such thickening is constructed as follows: embed each ver- 
tex V in as a cone on a graph on dD^ (there are only finitely many choices, corresponding 
to embeddings of the link of v inside S^). The thickening of iV(P^) can be then extended 
along each edge in at most two ways. Therefore there are only finitely many possible {H^, L) 
at the end. □ 

Remark 4.5. A 2-dimensional polyhedron that has locally flat faces is not necessarily locally 
flat, i.e. locally flatness of the 1-skeleton is a serious hypothesis. For instance, take a closed 
braid L \\i x . Let P C x be the polyhedron defined by making cones over the 
braid, i.e. every slice PC] {D^ x {pt}) is the cone over the points in (5'^ x {pt}) with center 
{0} X {pt}. The proof of Theorem 14 . 41 shows that if P is locally flat then it is contained in a 
properly embedded solid torus, and hence L is contained in a torus T C x . Therefore 
if L is sufhciently complicated the polyhedron P is not locally flat, not even after an isotopy. 

Remark 4.6. It is also essential that every point has a neighborhood in a .smooth 3-ball. For 
instance, for generic braids L every point in the polyhedron P constructed in R,emark l4.5l has 
a neighborhood contained in a PL 3-ball {i.e. it is locally PL-flat!), constructed as follows: if 
the point lies inside a face we are done. Otherwise it is some {0} x {xo}, and by genericity of 
L there is at most one triple of points in S'^ x {xo} lying inside a circle of maximum length, 
and no such triple in S'^ x {x} for all points x near xq. It is easy to deduce that there is a 
PL polygon -fx ^ S'^ x {x} having the points L n (5^ x {x}) as vertices for all x close to a;oi 
which has a PL-dependence on x. The cone of in x {x} is a PL 2-disc. The union 
of such cones is a PL 3-disc. (Note that these PL 3-discs can be patched together precisely 
when the polygon 7^, runs continuously over all x ^ S^, i.e. when L is contained in a torus!) 
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4.5. Rescalings. We now prove Theorem ll.9l We first show [/„ C V^n- If M G Un, there 
is a Kirby diagram for M of weight at most n. If the diagram is not connected, we can 
connect components via Reidemeister moves as in Fig.EKl), producing 2 new crossings for 
each move. If the diagram contains a couple of discs not attached to any strand, we shde 
a strand over it as in Fig. ini-(2). (If there is no strand at aU we add a 1-framed trivial 
knot.) Finally, if the diagram has no crossings we produce one via a Reidemeister move as 
in Fig. 11(3). 

The resulting diagram is connected, has some crossings, and has weight at most 3n. It 
contains some k couples of discs, denoting 1-handles. We now construct a shadow represent- 
ing the same 4-manifold. Take first a big disc containing the whole diagram, and close it to 
a 2-sphere. Then, for each couple of discs in the diagram, add a 1-handle and a cocore disc 
as in Fig. 1101 The resulting polyhedron E is a genus-A: surface with k discs attached, and it 
is a shadow of the submanifold consisting of all 0- and 1-handles {i.e. the submanifold is a 
neighborhood of E plus a 3-handle) . 

Now we attach a disc for each 2-handlc following the diagram, and we get our shadow 
P. Each crossing and each non-closed strand produces a vertex for P: therefore P has 3?! 
vertices at most. Moreover, P is easily seen to be special, because the original diagram is 
connected and contains some crossings. 

Concerning Vn C C/gn+g, there is a well-known translation of a shadow P into a Kirby 
diagram first, take a diagram representing P on the plane 20' . Then cut the diagram 
in n -t- 1 points, corresponding to n -f 1 edges of P having a tree as a complement, and add 
a pair of discs at each cut, as in Fig. ^] We get one crossing for each vertex and at most 3 
crossings for each of the n+l cut edges, hence 4n-|-3 crossings at most. There are precisely 
3(n -I- 1) strands and 2{n + 1) discs. Therefore the weight of the Kirby diagram is at most 
9n + 8. □ 



4.6. Fundamental groups. We prove here Theorem II. 101 We start with a similar result 
concerning special polyhedra. 

Proposition 4.7. The number of groups that are fundamental groups of special polyhedra 
with n vertices grows as rt". 

Proof. It is shown in |10| that there are at most n^'"" special polyhedra with n vertices, and 
at least n*^ " of them are spines of distinct hyperbolic 3-manifolds with geodesic boundary, 
for some < c < C and all n ^ 0. By Mostow rigidity, distinct hyperbolic manifolds have 
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Figure 10. Passing from the Kirby diagram of Fig. |2|to a shadow: first 
construct a surface with genus k and k cocore discs T, (here k — 2), then add 
the core discs of the 2-handles to it, following the diagram. Dots represent 
vertices of the shadow. 




Figure 11. Passing from a shadow to a Kirby diagram. The integers on 
the strands will depend on the embedding of the shadow in the 4-manifold 
(i.e. from the gleams of the shadow |25|). 



distinct fundamental groups (see jH] for a proof of this fact in the geodesic boundary case). 
Therefore the n'^ " polyhedra have distinct fundamental groups. □ 
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4.6.1. Proof of Theorem \l.lfA Proposition 14. 7| implies that the number of fundamental 
groups of compact 4-manifolds with boundary having a special shadow with n vertices grows 
as n". To recover the same result for closed 4-manifolds, it suffices to use Theorem 11.91 to 
pass from shadows to diagrams and vice versa, together with the following fact: any diagram 
of weight n represents a 4-manifold M made of 0-, 1-, and 2-handles. By encircling every 
strand with a small 0-framed unknot we get a diagram for its double DM J3] of weight at 
most 4n. The double is closed, and Tri{DM) = 7Ti{M). □ 

4.7. Simply connected manifolds. We now prove Propositions II . 12l and II . 1^ 

4.7.1. Proof of Provosition Tl . 1S\ Take k unknots, coloured with ±1 and representing some 
#hCP^#fe_hCP^. With these k unknots we get k/2 distinct manifolds at least. With k 
ranging from 1 to n we get n^/4 manifolds at least. 

4.7.2. Proof of Provosition TTT^ By Freedman's Theorem ^ simply connected closed smooth 
4-manifolds are determined up to homeomorphism by their intersection forms. We now com- 
pute how many manifolds can have an intersection form of fixed rank n. If the form is odd, 
it is of type fc(l) © with k + h = n, and we suppose k — h ^ up to switching 
the orientation (the indefinite case is a general result on unimodular forms jl4j . while the 
definite case h = follows from Donaldson 0). Then we get n/2 -|- 1 forms at most. If the 
form is even, it is of type 2kEs ® IH by Rohlin's Theorem and we get n/16 -I- 1 
forms at most. Summing up, there are at most j^n + 2 manifolds up to homeomorphism. 

A diagram with weight n produces a bilinear form of rank at most n. Therefore Un 
contains at most X]r=i('^* -I- 2) = ■^"^ + o(n^) < jgri^ manifolds up to homeomorphism, 
when n ^ 0. □ 
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